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The Higgs branch of A/" = 2 supersymmetric gauge theories with non-Abelian gauge 
groups are described by hyper-Kahler (HK) nonlinear sigma models with potential terms. 
^ Using the non-Abelian HK quotient with respect to U{M) and SU{M) gauge groups, we 

^ ■ derive the massive HK sigma models that are not toric in the M = 1 superfield formalism and 

, the harmonic superspace formalism. The U{M) quotient gives N\/[M\{N — M)\] discrete 

I vacua that may allow various types of domain walls, whereas the SU (M) quotient gives no 

' discrete vacua. 

o 

O ■ §!• Introduction 



Possibilities of large extra dimensions'^' has renewed interest in field theories 
in higher-dimensional systems. In this brane-world scenario, our four-dimensional 
world is realized on an extended topological defect such as a wall (brane). Super- 
^ . symmetry (SUSY) has been an extremely useful principle for building unified models 

■ beyond the standard model. In SUSY theories, topological defects can often be 

obtained as BPS states, which preserve part of the SUSY.^) The BPS states play 
an important role in exploring nonperturbative effects in SUSY gauge theories. 
The Higgs branch of the SUSY gauge theories can often be described by SUSY non- 
linear sigma models. ''^''^^ In turn, these SUSY nonlinear sigma models are useful 
for obtaining topological defects, such as domain walls and flux tubes. ^^'^''^ Super- 
symmetric theories in systems of greater than four dimensions require at least eight 
supercharges. The scalar and spinor matter fields can be described by means of 
hypermultiplets in theories with eight SUSY. Recently, we formulated ^ single-BPS 
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domain walls in an eight SUSY model in four dimensions. ^""^^ Moreover, we have also 
succeeded in constructing the ^ BPS wall^^^ and BPS multi-walls^^^ consistently in 
five-dimensional supergravity. Before discussing the SUSY five-dimensional theories, 
it is useful to consider models with eight SUSY in four dimensions withoT.it gravity. 

Theories with eight SUSY are so restrictive that the nontrivial interactions re- 
quire the nonlinearity of the kinetic term (the nonlinear sigma model) if there are 
only hypermultiplcts. Target manifolds of the SUSY nonlinear sigma models with 
eight SUSY must be hyper-Kahler (HK) manifolds. ^'^^'^^^ To obtain a wall solu- 
tion, we need a nontrivial potential. The potential term for any HK sigma model 
is severely restricted by eight SUSY.^^^ It can be written as the square of the tri- 
holomorphic Killing vector in the on-shell formulation, and it can be understood 
in terms of the Scherk-Schwarz reduction^^^ from six dimensions. These models 
are called "massive HK nonlinear sigma models" . Contrastingly, in two dimensions, 
M = 2 SUSY (four SUSY) sigma models can have a similar potential term,^^) in 
addition to the potential that can be derived from the superpotential and can be 
constructed off-shell in the superfield formalism. Solitons in such models are dis- 
cussed in Ref. 20). The off-shell formulation of A/" = 2 massive HK sigma models in 
four dimensions was given recently.^^^ An exact BPS solution of the wall junction 
was also constructed recently in an A/" = 2 theory with hypermultiplets and a vector 
multiplet.^^) 

A large class of the HK manifold is given by toric HK manifolds that are defined 
as HK manifolds of real dimension An admitting n mutually commuting Abelian tri- 
holomorphic isometries.^^^"^^^ In Ref. 26), the massive HK sigma model on any toric 
HK manifold was derived in the component formalism in four-dimensional spacetime. 
The solution of the N parallel domain walls was found for T*CP^~^ , which is 
a toric HK manifold, and its moduli space was constructed.^'^) For this massive 
rp*Qpi\ -1 ]-|.^Q(jg}^ ^]2e dynamics of the walls were studied^^-* and the number of 
zero modes were calculated using the index theorem. The off-shell formulation of 
the massive x*CP^^^ model in four-dimensional spacetime was obtained for both 
M = 1 superfields and M =2 superfields in harmonic superspace formalism (HSF)."*^^) 
Other interesting solitons, like solutions representing strings ending on walls, wall 
intersections and string intersections were also considered in the toric HK nonlinear 
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sigma models. 

The potential term of the massive x*CP^~^ model comes from the mass terms 
of the hypcrmultiplets when the nonlinear sigma model is constructed as the quotient 
with respect to the U{1) gauge group. ^^^'^^^ We call this formulation of massive HK 
sigma models "the massive HK quotient method," since the massless case is identified 
to a HK quotient found in Refs. 22) and 35). One of the advantages of our massive 
HK quotient is that the off-shell formulation of the SUSY nonlinear sigma models 
is possible. The off-shell formulation is powerful for extending models to those 
with other isometries and/or gauge symmetries and to those coupled to gravity, 
because in it (part of) SUSY is manifest. Any toric HK manifold can be constructed 
using an Ahelian HK quotient.^^-*'^^-* Therefore, an off-shell formulation of general 
massive toric HK sigma models^^^ can be obtained using the massive HK quotient 
with Abelian gauge theories. By contrast, a HK nonlinear sigma model other than 
the toric HK target manifolds has been obtained by Lindstrom and Rocek^^^ as 
a quotient using a non-Abelian gauge group for the massless case only (without 
potential terms). 

The purpose of this paper is to investigate massive HK sigma models in four- 
dimensional spacetime using the quotient of the SUSY QCD with respect to a non- 
Abelian gauge group. The models are no longer toric HK manifolds, and turn out to 
be the cotangent bundle over the complex Grassmann manifold T*Gn,m and its gen- 
eralization. The former model is the massive generalization of the massless nonlinear 
sigma model presented in Ref. 22). We obtain potential terms for this massive HK 
nonlinear sigma model and investigate the vacuum structure of the massive T*Gn,m 
model in detail. We find that this model has A^!/[M!(A^ — M)!] discrete vacua which 
are characterized by mutually orthogonal M-dimensional complex hypcrplanes in 
C^. We therefore can expect rich structure for wall solutions in this model. By con- 
sidering the SU (M) gauge group, we obtain a generalization of the massive T*Gm,m 
model, the massive HK nonlinear sigma model with the quaternionic line bundle 
over the T*Gm.m as the target space. The vacua of this model are trivial, and hence 
we cannot expect interesting solitons. 

There exists a similar model with the same number of vacua, namely the two- 
dimensional N = 2 SUSY (four SUSY) Grassmann Gn,m sigma model with twisted 
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mass. 



.34) believe that the target spaee of this model is obtained by truncating our 



model on T*Gn^m to its base manifold, so that they have the same number of vaeua. 
If we find solitons in our model, it may also be the case that they play interesting 
roles in this kind of two dimensional model. 

The rest of this paper is organized as follows. In §2, we present the massive 
HK quotient with TV = 1 superfields. The vacuum structure of the massive T*Gm,m 
model is studied in §3. The massive HK quotient is described in the Wess-Zumino 
gauge in §4. Section 5 is devoted to a generalization of the massive HK quotient with 
respect to the SU gauge group. Our model is derived in the harmonic superspace 
formalism^^)'^^^ in §6. A summary and discussion are given in §7. 

§2. Massive HK quotient with respect to the U{M) gauge group 

We consider J\f = 2 SUSY QCD with N flavors and a U{M) gauge group. In 
terms of = 1 superfields, the NM J\f = 2 hypermultiplets ** can be decomposed 
into {N X M)- and (M x A)-matrix chiral superfields <l>{x,9,6) and ^{x,6,6), and 
the J\f = 2 vector multiplets for the U{M) gauge symmetry can be decomposed 
into M X M matrices of the M = 1 vector superfields V = V^{x, 6, 0)Ta and chiral 
superfields U = 6, e)TA, with the M x M matrices Ta{A=1,-- - , M^) of the 

fundamental representation of the generators of the U{M) gauge group. The U (M) 
gauge transformation is given by 



where A = A'^{x,e,9)TA are the chiral superfields of the gauge parameters. Note 
that this gauge symmetry is actually complexified into U (M)^ = GL{M, C), because 
the scalar components of A are complex fields. 

Because we focus on the Higgs branch, we can take the strong coupling limit, 
g ^ oo, and throw away the kinetic term for gauge multiplets. Then, the Lagrangian 



(2.1) 
(2.2) 



** In the following, we consider only the case N > M. This requirement is necessary in order for 
the nonlinear sigma models to be well-defined, since dimensions of target space is given by 4{N—M). 
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(2.3) 



is given by 

C = j d'^e tr(#^e^) +tr(iZ^iZ^te-^) - ctry 

j d^e ^tr - 61m)} + 5^ mail {^Ha^)j + c.c. 

where we have absorbed a common hypermultiplet mass into the field U, the quan- 
tities nia (a = 1, • • • , — 1) are complex mass parameters, and Ha are diagonal 
traceless matrices, interpreted as the Cartan generators of SU{N) below. The elec- 
tric and magnetic Fayet-Iliopoulos (FI) parameters are denoted c G R>o and b £ C, 
respectively. In the limit nia for all o, the model has the global (flavor) SU{N) 
symmetry expressed by 

^^cp' = g<p^ ip ^ip' = g £ SU{N) , (2.4) 

with V and E unchanged.*** For nonzero nia, this SU{N) symmetry is explicitly 
broken down to f7(l)^^^, generated by Ha- 

Setting l^' = in the Lagrangian 1)2. 3() . it reduces to the Kahler quotient con- 
struction of the (complex) Grassmann manifold Gn,m = SU{N)/[SU{M) x SU{N — 
M) X [/(!)], and this suggests that the full Lagrangian is related to Gn,m- Actu- 
ally, for the massless case, this Lagrangian reduces to the HK quotient construction 
of r*GAr,Af,^^) generalizing the U{1) HK quotient construction's)-'^!) for T*CP^-^ 
(M = 1) with the Calabi metric.'^^) 

Since we have introduced the mass parameter through the Ha generator, we will 
eventually obtain a potential term that is the square of the tri-holomorphic Killing 
vector corresponding to a linear combination of the matrices Ha, after eliminating 
the vector multiplet. 

Next, we eliminate the auxiliary superfields V and E in the superfield formalism. 
From Eq. 1)2. 3|1 . we find that their equations of motion read ^ 

— = <^t<jeV _ g- v^5p.t -c1m = 0, (2.5) 
oV 

dC 

— = ^^- bUi = . (2.6) 
oL 



*** When 6 = 0, there exists an additional (7(1) given by <P ^' = e*"$, ip ^ <P' = e'"^, S ~* 

E' = e-^'T, but this is inconsistent with A/" = 2 SUSY. 

^ Here we take 5X = Se^ as an infinitesimal parameter of variation. Then, the equations 

5tr(#'f<?e^) ^tr('P'''Pe^SX) and Sti {^^p"^ e-^) = ~tr (e-^'FI''' SX) hold. 
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Multiplying Eq. (|2.5|) by <p'^<Pe^ from the left, we find 

(#^e^ -^ImY - jIm - <P^mW^ = 0. (2.7) 
From the above equation, V can be easily solved, and we have 

(^t^)-i l^i^^j ±^1m + ^<P^m^^^ . (2.8) 



Substituting this back into 1)2. 3(1 . we obtain the Kahler potential for the Lindstrom- 
Rocek metric, ^^-^ 



K = ctT ^ 1m + ^^t<|)i^i^7t - ctr log yiM + Y 1m + ^^t^tP'tP't j + ctr log^'^^ , 

(2.9) 

where we have used the formula tr log AB = tr log A + tr log B, which holds for any 
square matrices A and B, and we have omitted constant terms because they vanish 
under the superspace integration. Here we have chosen the plus sign in Eq. ()2.8() to 
realize the positivity of the metric. Using the N x N meson matrix of the gauge 
invariant, 

M = m , (2.10) 
the Kahler potential can be rewritten as that in Ref. 8), 



K = c—tiNxN^JlN + J^^^^' - c— tr^xTvlog (1^ + y Itv + M^^^^j 
+ctr log<?"^^ , (2.11) 

where we have made explicit that the traces are taken in x matrices, whereas 
the previous ones M x M. 



The Kahler potential (|2.9j) or (|2.11|) is strictly invariant under the full global 
(flavor) SU{N) symmetry ()2.4() . because the mass term in the Lagrangian ()2.3() does 



not affect the D-term. In Eqs. (|2.9)1 and (|2.11j) . the first two terms are strictly 
invariant under the gauge transformation ()2.2j) for the matter fields, but the third 
term induces the Kahler transformation 



K ^ K' = K + ictr A - icii A^ 



(2.12) 
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Fixing this complexified U (M) gauge symmetry and solving the constraint (127 
we obtain the Lagrangian of the nonlinear sigma model in terms of independent 
superfields. For this purpose, we should consider the two cases 6 = and b ^ 
separately. Note that the physics does not depend on this choice, as the two cases 
are transformed into each other under the SU (2) transformation. Although this 
transformation does not preserve the holomorphy, these two cases merely involve 
different complex structures, 
i) 6 = 0. In this case, the gauge can be fixed as 




(2.13) 



with </? and ij) being [{N — M) x M]- and [M x (A^ — Af)]-matrix chiral superfields, 
respectively. Then, the superpotential becomes 



W = m^tr 



{-^ip,ll))Ha 




^m-atr 



(2.14) 



ii) 6 7^ 0. In this case, we can take the gauge as'^^) 

Q, i^ = Q(1m,V'), Q = Vb{lM + ijip)-'2 




(2.15) 



with if and ■0 again being [{N —M)xM]- and [Mx (A— M)]-matrix chiral superfields, 
respectively. In this case, the superpotential is given by 



W = mgtr 



Ha 









(2.16) 



We can find the bundle structure of the manifold as follows. First, let us consider 
the 6 = case. Then, setting -0 = 0, the Kahler potential becomes 



K\^=Q = ctr log(l + (/?V) ) 



(2.17) 



which is that of the Grassmann manifold. Therefore, parameterizes the base Grass- 
mann manifold, whereas parameterizes the cotangent space as the fiber, with 
the total space being the cotangent bundle over the Grassmann manifold T*Gn,m- 
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Next, consider the case 6 7^ 0. In the case of x*CP^^^ with M = 1, the base 
manifold is embedded hy (p = .^^^'^^ 

The tri-holomorphic isometry group of this manifold is G = SU{N), whereas the 
isotropy group is H = SU{M) x SU{N - M) x U{1), since the manifold is T*{G/H). 
In each case 6 = and 6 7^ 0, the action of (7 G SU (N) is found to be as follows: 

(p ^ <P' = g<Ph-\^p,ij) , ^ = h{ip,^)^g~^ . (2.18) 

Here, h{ip, tp) = e~*"^('^''^) is an induced gauge transformation called a 'compensator'. 
This is needed to put g<P and \I!^g~^ back into the gauge slice, because they are not in 
general in the gauge fixing condition (|2.13|) or (|2.15jl . This makes the (base) manifold 
a coset space G/H. Under the global SU{N) transformation, the Kahler potential 
undergoes the Kahler transformation 

K ^ K' = K + cii\og{h~^{if,^))'^ + ctrlog h~^{<f,ip) 

= K + iciT: A{^,iIj) - icii A\ip\'4)'^) , (2.19) 

whereas the Kahler metric is invariant. The tri-holomorphic Killing vectors for the 
isometry SU{N) can be calculated from infinitesimal transformations of H2.18() . 

Here we give several more comments. 

1. There exists a manifest duality between the two theories with the U{M) and 
U {N—M) gauge symmetries and the same flavor SU {N) symmetry. This results 
directly from the duality in the base Grassmann manifold Gn,m — Gn,n-m- 

2. For M = 1 (M = A^ — 1), namely for the U{1) [U{N — 1)] gauge symmetry, this 
model reduces to T*CP^-^ ~ T*GAr,i (~ T*Gn,n-i),'^'^^ which is discussed 
in detail in Ref. 11). Moreover, if = 2, the manifold T*CP^ is the Eguchi- 
Hanson space. ^'^^ 

There are nontrivial models that do not reduce to 'j'*Qp^-^ target man- 
ifold. The nontrivial model with the lowest dimensions of the target man- 
ifold is the case with = 4, M = 2. In this case, the manifold is T*G4^2 = 
T* [SU{4) /SU{2) X SU{2) x [/(I)] = T* [50(6) /SO{A) x U{1)] =T*Q^, in which 
the base manifold is called the Klein quadric space. ^ ^ ^ 

The embedding ^ = should hold for a matrix with any value of M, although we have not 

yet proved this. 

For diffeomorphisms of base manifolds, see Ref. 44). 
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§3. Vacuum structure 



In the massless case, = 0, the moduH space of the vacua is T*G]\f^M itself 
(the Higgs branch of AT = 2 SUSY QCD'^)'^)), since the low energy effective theory 
has no potential term. However, once the mass term is switched on, most vacua are 
lifted up, leaving some discrete points as vacua. First we consider the simpler case 
of r*CP^-i and then that of T*Gn,m- 

3.1. Vacua in the massive X*CP^~^ model 

In this subsection, we investigate r*CP^"i = T*Gn,i with M = 1. Without 
loss of generality we consider the case 6 = with c 7^ 0. In this case, the dy- 
namical matrix fields are column and row vectors like ip^ = {ip^,--- ,ip^~^) and 

The superpotential given in 1)2. 14() becomes 



W = rriatr 



Ha 



—1p ■ (f Ip 

-ip{ll) ■ if) ip^lp 



(3.1) 



We choose Ha (a = 1, • • • , — 1) as 



iJ„ = ^=L= diag. (I,--- ,l,-a,0,--- ,0) , (3.2) 

where —a is the (o + l)-th component, with the normalization given by the trace 
tr (HaHb) = dab- Then the superpotential can be calculated as 



VF = -yM„^V, Ma = J^—ma + Y^ ^ • (3-3) 

Therefore the derivatives of W with respect to the fields are 

d^aW = -Maip"" , d^aW = -Maip'' (no sum). (3.4) 

These vanish only at the origin, 93 = ^'^ = 0, provided that Ma 7^ 0. This is the 
only vacuum in the regular region of these coordinates, because the metric is regular 
there. 

However, this model contains more vacua, because the entire manifold is covered 
by several coordinate patches, and a vacuum exists at the origin of each coordinate 
patch. To see this, we temporarily concentrate on the base CP^~^. We consider the 
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fields before the gauge fixing, <l> = = {(p^ , ■ ■ ■ , 0^)"^ (^4 = 1, • • • , A^), called the 
homogeneous coordinates, in which we need an identification by the gauge transfor- 
mation (p^ ~ e^^c/)"^ to realize the space CP'^~^. In the region satisfying (p^ ^ 0, we 
can choose a patch = cj)'^'^^ / cp^ [i = 1, ■ ■ ■ , N — 1), which was used in Eq. (|2.13|) . 
Here, let us write these coordinates as (/^^^^ = (p^~^^ /cp^. In the same way, in the region 
satisfying (p^ 7^ 0, we can choose the j4-th patch defined by 



4>'/(l>^, (l<i<A-l) 

. (3.5) 

0*+V(/.^. iA<i<N -1) 



We thus have sets of patches {(/?^^^}, which is sufficient to cover the whole base 
manifold. Corresponding to each patch for the base space, we manifestly have an 
associated patch for the fiber tangent space from Eq. 1)2. 13() . These sets 

of coordinates, V'^^^}, are sufficient to cover the whole T*CP^-K For each 

patch, the origin (/^^^^ = -i/^^^-j = is a vacuum. Therefore, the number of discrete 
vacua for the massive T*CP^~^ model is A*". This result was first obtained in Ref. 
27). 

To investigate solitons like BPS walls, their junction and lumps, it may be better 
to consider the problem in one coordinate patch. The other vacua appear in one 
patch as the coordinate singularities of the metric in infinities of the coordinates 
rather than the stationary points of the superpotential.^^^ To see this, we again 
consider only the base CP^~^. We study how the A-th. vacuum (^4 7^ 1) in the 
origin of the A-th coordinate patch is mapped into the first patch. The A-th vacuum 
is represented by = or <p^ /<p^ = for all B (7^ A). In the first coordinate 
patch, this point is mapped to an infinite point represented by 

^fiy' ^ 00 , ^l^/y^f,]' ^0 (i^A-l), (3.6) 

which appears to be a runaway vacuum in this patch. Hence, the origin and — 1 
infinities are vacua in each coordinate patch. To summarize, if we include runaway 
vacua, one patch is sufficient to describe soliton solutions. However, note that 
the terminology "runaway" is merely a coordinate-dependent concept, because a 



* The domain wall solution connects the origin and the infinity in this parameterization for the 
r*Cpi case."^ 
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runaway vacuum in one coordinate patch is a true vacuum in another coordinate 
patch. 

We can also study the vacua without referring to the local coordinate patches. 
We concentrate on the base CP^~^ once again. A point in CP^^^ corresponds to 
a complex line through the origin in with homogeneous coordinates (f>^, because 
the gauge transformation corresponds to the equivalence relation (f)^ ~ e^'^cf)^. The 
first vacuum is expressed in the region satisfying (p^ ^ hy the relations (/?^-^^ = 
= {i = 1, ■ ■ ■ , N — 1), namely 0*^^ = 0. Therefore, the first vacuum 
corresponds to the (p^-axis. Similarly, the j4-th vacuum corresponds to the (p^-axis. 
In this way, each vacuum is simply expressed by one orthogonal axis in C^. Note 
that each axis is invariant under the U{1)^^^ transformation of Ha, and hence it is 
a fixed point of this transformation. 

If we take orthogonal normalized basis vectors ca [with (ca)* • es = Sab], 
whose components are given by 

{eAf = 6l (3.7) 

then for any complex line in C^, there exists a unit vector e' = ^a=i '^^^a = Uei 
that spans this line, where each is a complex number with \o-^\'^ = 1 and U 
is a unitary matrix, U G U{N). Each of the A- vacua found above corresponds to a 
different one of the vectors ca = 1; ■ " " (with a zero value of the cotangent 
space ip = Q). 

Example: the Eguchi-Hanson space. ^^-^ The simplest model is the Eguchi-Hanson 
space, T*CP^ {N = 2, M = 1). This model has two discrete vacua and admits a typ- 
ical domain wall solution. ^^^''^'^^ The vacua are located at the north and south poles 
of the base CP^ ~ 5^ (see Fig.^. Corresponding to the two gauge fixing conditions 





^1^ 










and <P = 


) 











, we have the two coordinate patches z = fj^^-^ = 4P' /4>^ 

and w = (/3^2) = /4>^, where we have z = 1/w. Two vacua are given by 2; = and 
w = 0. The second (first) vacuum, w = {z = 0), is mapped to z = 00 {w = 00) 
in the first (second) patch, which looks like a runaway vacuum. In homogeneous 

(A M 

coordinates, these correspond to {<P) = = ei and {^) = =62, respec- 
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Z = 0, (w=l/z=oo) 




W= 0, ( Z = 1 / W =oo ) 

Fig. 1. The base manifold of T*CP^ and vacua. 
Corresponding to two gauge fixing conditions, we have two coordinates, z and w, covering 
S"^, except for the south (S) and north (N) poles, respectively. The origins of z and it; ( N 
and S, respectively) are both vacua. The domain wall solution, approaching these two vacua 
at spatial infinities, is mapped to a trajectory connecting N and S in S^. 



tively, with = (0,0). Also, in a coordinate independent manner, these two vacua 
correspond to the cp^ and cp'^ axes, spanned by ei and 62, respectively. 

Before closing this subsection, we consider the case 6 7^ 0. In this case, The 
superpotential (|2.16|) can be calculated, and we have 

h ( \ 



1 + ■ 95 



a=l 



\ \/a(« + 1) 



a + 



L - Ma ,{31 



b=a+l 



with Ma defined in The derivatives of W are given by 



d^aW 



(1 + V-V?)2 



N-l 



L-Na+Y,iNb-Na)ij'ip'' 



b=l 
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2 



N-l 

it>,J> 



Ma-^{Mh-Ma)ij'ip' 
b=l 

d,4,aW = {i^"" ^ if^) , (3.9) 



where the arrow in the second equation indicates the exchange of quantities in the 
first equation. The origin, ^p"- = ip°- = 0, in each patch is a vacuum. There is no 
vacuum other than these N vacua. The number of vacua should coincide with that 
in the case with 6 = and c 7^ 0, because they are connected by the R-symmetry, 
and the physics does not depend on the difference. 

3.2. Vacua in the massive T*Gn^m model 

To determine the vacua of the T*Gn,m model, we consider the case 6 = and 
c 7^ 0, again without loss of generality. We write the matrix ip as {(pia) and ip as 
(ipai): with the indices i = 1, • • • ,N — M and a = 1, • • • , M. The superpotential 
given in Eq. ()2.14|) can be calculated as 

M N-M 



a=l i=l 



I + M — \ ja — 1 v-^ 



where we have set mo = 0. For the case M = 1 (a = 1), this reduces to Eq. 1)3. 3|) 
for T*CP^~^. The derivatives of superpotential given in (|3.1()|) with respect to the 
fields are 

d^^c'^ = -Maii^ai , d^^^W = -Mama (no sum) . (3.11) 

Therefore, the origin of these coordinates, 93 = ip'^ = 0, is a vacuum, provided that 
Mai 7^ 0. This is the unique vacuum in the finite region of these coordinates where 
the metric is regular. The number of vacua in this model is equal to the number of 
coordinate patches, as in the 'j'*Qp^-^ case. In the first coordinate patch, we have 
chosen the first M row vectors in $ as the unit matrix, as in Eqs. 1)2. 13() or (|2.15|1 . 
The other coordinate patches are obtained by making other choices of the gauge 
fixing conditions, with which the other sets of M row vectors in <P form the unit 
matrix. The number of such coordinate systems is nCm = N\/[M](N — M)\]. They 
are independent and sufficient to cover the entire manifold. Therefore, this model 
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has A^!/[M!(A^ — M)!] vacua. This number is invariant under the duahty between 
U{M) and U{N — Af) gauge groups. It also reduces correctly to for x*CP^~^ 
when M = lorM = iV-l. 

As in the x*CP^^^ case, we can understand the vacua of T*G]\f^M without local 
coordinates. A point in the base Gn,m corresponds to an Af-dimensional complex 
hyperplane (M-plane) through the origin in C^. The vacua found above correspond 
to mutually orthogonal M-planes spanned by M arbitrary sets of axes chosen from 
the axes. Therefore, the total number of vacua is nCm = A^!/[M!(A^ — M)!]. 
Because the M-planes of vacua are invariant under U{\)^~^ generated by Ha-, the 
vacua are fixed points. 

Choosing the basis (|IS.7j) in C'^, a point in Gn,m expressed as an M-plane in 

can be spanned by a set of M unit vectors, 

(ei)' = Uei , (3.12) 

where i = 1, • • • , N—M and [/ is a unitary matrix, U £ U {N). The vacua of mutually 
orthogonal M-planes are spanned by M arbitrary sets of basis vectors among the 
orthogonal A^-basis. 

The duality becomes manifest in this framework. We can represent a point in 
Gn,m by an (A^ — M)-plane that is the complement of an M-plane. 

Example: the cotangent bundle over the Klein quadric. We now consider the 
example of the Klein quadric T*G4^2 = T*Q'^ [N = 4 and M = 2). In this case, there 
exist six coordinate systems {A = 1, ■ ■ ■ ,6) for the base manifold corresponding 
to six choices of gauge fixing, given by 



<P = 



( 1 


\ 




( 1 


\ 




/ 1 


\ 









(2) 


(2) 
^12 




(3) 


(3) 
'^12 






J 





1 


J 


(3) 

'P21 


(3) 
^^22 


vs 






(2) 






V 


1 ) 








/ (5) 






/ (6) 




1 







1 







(6) 
^21 


(6) 
<^22 
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(5) 


(5) 
^22 


5 


1 







4jj 




V 


1 ) 




V 


1 1 



(3.13) 
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Together with the corresponding coordinates ip^'^ for the cotangent space in Eq. (|2.13)) . 
these six sets of coordinate systems are sufficient to cover the entire manifold. There- 
fore this model has the six vacua given by 



1 

\0 0/ 



/i o\ 



1 

\0 0/ 



/i o\ 





\0 IJ 



/o o\ 

1 

1 

\0 0/ 



/o o\ 

1 




/o o\ 



1 
\0 1/ 



(3.14) 



which are the respective for the six choices given in ()3.13|) . with (l^) = 0. The set of 
two column vectors in each matrix in Eq. (|3.14|) constitutes a set of orthogonal basis 
vectors e,- chosen from the four basis vectors. 



In the case 6/0, the superpotential H2.16() is 

iV-l oo 



W 



a=l n=0 
N-1 oo 



m^tr 



a=l n=0 



Ha 



Ha 



(7/^99)" 
{^^T^'^ 



(3.15) 



where the last equality holds because the matrices Ha are diagonal. Similarly to the 
rp*QpN-i gg^gg^ origin if = ijF = of each patch is a vacuum and we cannot 
have any other vacua. 

§4. Massive HK quotient in the Wess-Zumino gauge 

In the previous sections, we eliminated N = 2 vector multiplets (as auxiliary 
superfields) without taking the Wess-Zumino gauge. In this section, we take the 
Wess-Zumino gauge, derive the bosonic action, and investigate vacua. 

4.1. Lagrangian in the Wess-Zumino gauge 

It is difficult to calculate the scalar potential without taking the Wess-Zumino 
gauge, because the inverse metric is difficult to obtain. On the other hand, in the 
Wess-Zumino gauge, the scalar potential can be directly obtained, while the Kahler 
potential and the superpotential cannot be calculated easily. We calculate the scalar 
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potential in this subsection. We represent the lowest components in the superfields 
using the same letters as we have used for the corresponding superfields. 
In the Wess-Zumino gauge, the bosonic action of (|2..S|) is given by 



■^boson — •^kin ~l~ -^constr ~l~ •^pot j 



(4.1) 



in which each term is given by 



kin 



-tr 



tr 



-tr (a^^^a^^ + df.^d^'^^) + itr \v^'{<P^ ^,,^ + '^'^^, 1^"^) 



-tr 



/:constr = tr [D{^^^ - - cIm)] + tr [Fe{^<^ - 61m) + c.c], 

■'-pot 



(4.2) 
(4.3) 



+ 



tr {U{F^<P + 'FF^)} + matr {F^Ha^ + ^HaF^) + c.c. 



= -Vi0,'F,E), 



(4.4) 



where we have defined A dfi B = A{d^B) — {d^A)B. 

The equation of motion for the gauge field without the kinetic term in 1)4.11) 
reads 



(4.5) 



Here { , } is an anti-commutator. This equation can be solved by expanding fields 
that takes values in the Lie algebra in terms of the M x M matrix of the funda- 
mental representation of U{M) generators 

= v^Ta, tr {TaTb) = 5ab 
<jt<j + l^l^t = a'^Ta, Aab = ^tr ({Ta, Tb} Tc) 



j(^>t *^^.<^ + ^ d,. = B^Ta. 



(4.6) 



Then we can express the gauge fields in terms of the dynamical scalar fields, 
solving the equation of motion ()4.5p as 

A 1 



AB 



(4.7) 
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If we eliminate the gauge field using this algebraic equation of motion, we obtain the 
kinetic term for hypermultiplets as 

If we integrate the Lagrange multiplier fields D and F^: in (|4.3|) , we obtain three 
real constraints 

^t^_^^t = clM, ^<P = blM- (4.9) 

The left-hand sides of these relations constitute the triplet of the moment map 
(Killing potential) for the U{M) gauge symmetry. These values are fixed to the 
FI parameters, and the hyper-Kahler quotient is obtained together with the U{M) 
quotient given in 1)4. 7|) . 

The Lagrangian (|4.4() gives the following algebraic equations of motion for the 
auxiliary fields F,p and Fq,: 

Fl = -m-Y, rUa^Ha, 4 = - Yl ^-Ha^- (4- 10) 

a a 

After eliminating the auxiliary fields F^ and Fq, using these algebraic equations of 
motion, we obtain the potential term V in Ea. H4.4|) as 

ViP,^, E)=ti (fIf^ + F^fI) 

\ a b 

+ (rt<jt + J2 mlP^Ha){PE + J2 mbHbP) j 

a b / 

= tr ^U^Um^ + Y maml^HaHb^'^ 
+ tr ^Z'Z'1'c|>t<J + Y mlrribP^ HaHb<P^ 

+ ^tr ((mlU + maS'^) (^^HaP + ^Ha<FA) . (4.11) 



Next, to eliminate U, we define the following quantities: 

= C^Ta, Cab = tr {TaTbTc) C^, 
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<ptcp = d^Ta, Dab = tr {TbTaTc) , 



Y^K U^Ha<P + ^Ha^A = E^Ta. (4.12) 



Because the equation of motion for E is purely algebraic, we can eliminate it as 
^a = -((c + dY^\ E^*, U^* = -E^ ( (c + dY^\ . (4.13) 



V ^ ' / AB \ ^ ' / BA 

After eliminating the auxiliary fields E in the N = 2 vector multiplet {V, X!) using 
its algebraic equation of motion, we obtain the potential in terms of dynamical scalar 
fields, 




-E'^l^l^C + Dj j E^*. (4.14) 

4.2. Vacua in the massive 

We first focus on the vacua of the 'j'*Qp^-^ model (the M=l case). Here, we 
are interested in the SUSY vacua. SUSY vacua correspond to vanishing auxiliary 
fields Fcp and Fy^, i.e., 

= -Fl=^i{E + mi), (4.15) 
= -Fl = iS + mi)'P\ (4.16) 

and the constraints 

= <?|<?^ - tf^tp'ti _ (4.17) 
= ^i$'-b, (4.18) 

where we have defined rhi by rUaHa = diag.(mi, 7712, . . . , ttiat), with J2iLi "^i = 0- 
We assume a generic mass rhi 7^ iT^j and that either 6 or c has a nonzero value. 

This assumption is the same as the assumption Ala 7^ 0, which was made in the study of the 
vacua in §3.1. Indeed, the condition rhi 7^ rhj for any combination of i and j (i 7^ j) is equivalent 
to the condition Ala 7^ for all a in all patches. If rhi = rhj holds for a pair i and j, there is a 
patch where Ada ~ for one a. The vacuum is then not localized at the origin of the patch, and 
hence continuous vacua appear. Therefore, the discussion in §3.1 no longer holds. For instance, in 
the = 3 case, the relation Ala ~ rhz — rha holds in the patch, and therefore we have = [ip, 1)* 
and ^ — {tp, —^ifi) instead of 12.131 1. It is easily seen that AI2 = if 7712 — rhz, while Ah 7^ 0. 
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Equation (|4.15|) implies iP'j = or 



U = -rhi, (4.19) 

with ^ for some i (= 1, 2, • • • , N). In the case U ^ —'rhi for all i, we have 
^ = and 1^ = 0, from Eqs. (|4.15j) and (|4.16j) . However, <P = = is inconsistent 
with Eq. (ICTTj) for c / or with Eq. (|in^ for 6/0. Therefore Eq. must 
hold for some i, and and/or can be nonzero for such i. Hence, there exist N 
vacua labelled by i = 1, • • • , A^. To determine the vacuum expectation values of 
and l^j for the i-vacuum, let us assume 6 = and c 7^ 0, without loss of generality. 
Then, from Eq. 1)4. 18() with 6 = 0, or iZ'j must be zero. Using Eq. ()4.17l) . we obtain 
1^*1 = ^ and l^'j = if c > or = 0, and \^i\ = if c < 0. In the case c = 
and 6 7^ 0, we obtain <P^ = \/6e*^ and = \fhe~^^ with an arbitrary phase Q. We 
thus have found N discrete vacua. 

4.3. Vacua in the massive T*Gn^m model 

The analysis of vacua for the massive x*CP^~^ model in the previous subsection 
can be generalized to the case of the massive T*Gm,m model. The vacuum conditions 
in this case are given by 

= = i^c.^ + (4.20) 

0- = = + 5^"m,), (4.21) 
along with the constraints 

0/ = ^ii^'^ - ^o^i^^'^ - (4-22) 

0/ = ^a^^'^ - b6j , (4.23) 

where a, /3 = 1, • • • , M are gauge indices. Using the U (M) gauge rotation, U can be 
diagonalized: 

U = diag.iUi,E2,--- ,^m), (4.24) 
IJi + E2 + --- + Um = ME^. (4.25) 

To infer the consequences of Eqs. (|4.2()j) and (|4.21|) . we should consider two cases 
separately, that in which Ea + rhi ^ for some a and all i and that in which 
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Ua + rhi = for all a and some i. In the former case, we get = and = 0. 
However, these are inconsistent with (|4.22p for c 7^ and with (|4.23|) for 6 7^ 0, and 
hence they do not represent a solution. In the latter case, let us assume the generic 
case for masses, i.e. rhi 7^ i^^j- The eigenvalue equation 1)4.21(1 for Ua gives the 
eigenvalue Ua = —'fhi corresponding to the eigenvector formed by the a-th column 
vector, (^>^",--- ,^^")'^, with only a single nonvanishing element. Similarly, the 
eigenvalue equation ()4.2()|) gives the same eigenvalue Ha = —rhi corresponding to 
the eigenvector formed by the a-th row vector, • • • ,^aN)-, with only a single 

nonvanishing element. Explicitly, we have 

/ \ 







V 



(4.26) 



Since there are N different masses mj, there are corresponding nontrivial eigenvec- 
tors of the form given in (|4.26() . The diagonal X!a should be equal to one such mass, 
—rhi. We have M different diagonal elements (a = ,M). Therefore, we 

obtain nCm possibilities of different vacua, counting a vacua related by relabelling 
of the gauge indices a as equivalent. The values of the nonvanishing elements 
and of the eigenvectors in Eq. ()4.26|) are explicitly determined by the constraints 
(lO^ and (11231): 



iZ/Q,i#" = b (no sum). 



(4.27) 
(4.28) 



Let us again assume 6 = and c 7^ 0. Then, if c > 0, we have |^*' 



^/c and 



0, and if c < 0, we have (P*" = and \^c, 



c. Thus, we obtain the same 



result as in the previous section. In the case 6 7^ and c = 0, we have 
and = Vhe~^^ , with an arbitrary phase 0. 

For example, let us consider the case M = 2, = 4 again. In this case, there 



As in the case of the T*CP^ ^ model, it can be confirmed that this assumption is the same 
as Mai 7^ used in §3.2. 
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are 4C2 = 6 solutions for both <P and 
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0/ 
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#42^ 


/o 


0^ 




/o 


0^ 




/o 


o\ 


#21 
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#31 













#42^ 






#42^ 



(4.29) 



and 



1^-11 

lP'22 0^ 

!P'i2 0' 

1^23 0, 



I'll 

IP'23 0, 

1^12 

,0 0/24 



'P'li 

1^-24 



1^13 







!^^24, 



.(4.30) 



Clearly, for 6 = and c / 0, we obtain 
and I'f'ail = \/— c if c < 0. 



Vc and iFa, = if c> and = 



§5. Massive HK quotient with respect to SU{M) gauge group 

In this subsection, we construct the massive HK sigma model with the SU{M) 
gauge group. We eliminate the vector multiplets in the superfield formalism and find 
that this model does not have discrete vacua. Because we can carry out the same 
analysis in the case of Wess-Zumino gauge as in the case of the U{M) gauge group, 
we do not repeat it. 

5.1. Massive HK Sigma Model with SU gauge group 

In this section, we consider J\f = 2 SUSY QCD with N flavors and the SU{M) 
gauge group. We employ the same matter field content as with T*Gn,m, but here, 
the gauge multiplets take values in the Lie algebra SU{M), i.e., V = V^Ta and 
E = E^Ta, where Ta represents the generators of SU{M). Then, the Lagrangian 
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is given by 



C 



d^9 



+ 



J (fe ^tr {E'^^) + ^ matr {'^Ha^)^ + ex. 



(5.1) 



There are no FI parameters, because there is no U{\) gauge symmetry. The SU (M) 
gauge transformation is obtained in the same way as in the U{M) case, and it is 
complexified to SU{M)^ = SL{M,C). This model has the additional C/(1)d flavor 
symmetry 



-iX 



1^, 



(5.2) 



which was gauged in the U (M) case. In the massless limit, nia — > 0, the total flavor 
symmetry is U{N) = SU{N) x [/(l)^. With a non- vanishing mass term, this U{N) 
is explicitly broken down to U{1)^ . 

We eliminate all auxiliary superfields in the superfield formalism. Then, the 
equations of motion for V and E read^ 

dC 



dC 



tr [(^t^gV _ e-^iP'iP't)^^] = , 
tr {^^Ta) = , 



respectively. These equations imply 

<P^<Pe^ - e-^W^^ = CIm , 
= BIm , 



(5.3) 
(5.4) 

(5.5) 
(5.6) 



respectively, where C{x,9,9) and B{x,9,6) are vector and chiral superfields in the 
M = 1 superfield formalism.^* 

The gauge field V can be obtained in terms of the dynamical fields from Eq. 1)5. 5|) 



as 



1 



e- = -{^^<py^ (CIm ± VC^h^H^4^^m¥j . 



(5.7) 



Here we take the Maurer-Cartan l-forni SX — 5X Ta 



' 5e^ as an infinitesimal param- 



eter of variation, as in the case of T'Gn^m- Then, the equations 5tr ($'^$e^) = tr ($'^ Ta)SX^ 

and 5tr(if!P'+e-^) = -tr (e-^<f !i/tTA)<5X^ hold. 

We can understand how C satisfies the condition for a vector superfield, — C, if we rewrite 

Eq. as e'5"<p'l"$e'5" - e~ >P<I'^ e~ = CIm. 
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Then, because the equation det = 1 holds, we obtain the equation 

det (cIm ± Vc^ImTI^IW^) = 2^^ det(^t^) , (5.8) 

which enables us to express C in terms of dynamical fields implicitly: C = C(<?, (p^;^, 1^^). 
On the other hand, Eq. (|5.(ij) implies 

B = ^tv{m). (5.9) 

Substituting the solution 1)5. 7|) back into the Lagrangian 1)5. 1|) . we obtain the 
Kahler potential 



K = ibtr Y'C2(<?,^t;iZ^,tZ^t)lj^^ + 4^t^)i^l^t , (5.10) 

with C satisfying the constraint (|5.8|) . We should choose the plus sign to realize 

the positivity of the metric. Using the N x N meson matrix = the Kahler 
potential can be rewritten as*^^ 



K = ^trNxN^C^lN + ^^MM^ . (5.11) 

The Kahler potential (|5.in|) or (|5.11j) is strictly invariant under the full global (flavor) 
U (N) symmetry, because the mass term in the Lagrangian (|5.1() does not affect the 
D-term. 

Let us stipulate the complex gauge symmetry SU{M)^ = SL{M, C) to express 
the Lagrangian in terms of independent superfields. We can employ a gauge that is 
similar to that in the b ^ case in T*Gn,m'- 

<P = a (^^'^ P, ^ = P{1m,^)p , P = (1a/ + M-'^ ■ (5.12) 

Here (p and ip are [{N — M) x M]- and [M x {N — M)]-matrix chiral superfields, 
respectively, and a and p are chiral superfields satisfying ap = B from Eq. (|5.9() . We 
can consider a and p to be independent fields among the three fields a,p and B. 

Substituting Eq. 1)5.12(1 into the Kahler potential (|5.10|) . we obtain the Kahler 
potential in terms of the independent fields -0, a and their conjugates. The 
superpotential also can be calculated as 



tr 



Ha 


( 1m\ 







(1a/ + '0V')~^(1a/,V') 



(5.13) 
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This target manifold has the isometry U{N) = SU{N) x U{1)d, in which the SU{N) 
part is the same as that in the case of T*Gn,m- The Kahler potential does not 
undergo the Kahler transformation. As for the symmetry of the Lagrangian, the 
superpotential is invariant under the U{\) fiber symmetry originating from (|5.2|) . 

a^a' = e'^a , p = e~'^p , (5.14) 

in addition to the U{1)^~^ symmetry of the massive T*Gn,m model. Gauging 
this C/(1)d symmetry, we obtain the T*Gn,m model again, by definition. Gauging 
the C/(1)d symmetry implies fixing B and C in the constraints 1)5. 8|) and (|5.9() as 
constants. Then, these constraints fixing become identical to those in the T*Gn,m 
case (|2.5() and 1)2. 6|) . respectively. 

The above discussion clarifies the bundle structure: The set of a and p con- 
stitutes a fiber of quaternion with manifold as a whole being the quaternionic line 
bundle over T*Gn,m- 

It is interesting that we can define the same model using a Lagrangian similar 
to that in the T*Gn,m case if we promote the Fl-parameters b and c in the T*Gn,m 
model to the chiral and vector superfields -B(x, ^, 6) and C(x, 9, 6), respectively, con- 
stituting an = 2 vector multiplet without a kinetic term. Then, the Lagrangian 
has precisely the same field content as that for T*Gn,m : 

C = j (fe tr(^^^e^) +tr(tj'tfte-^) -CtrF 

j dPe ^tr - BIm)] + mail {^Ha^)^ + c.c. 

In this case, the equations of motion for V, E, B and C read 



+ 



(5.15) 



— = S.tfc" - e-''!?i>t - Clj, = , = *<!>- BIm = , (5.16) 

We thus have the same constraints as in the model 1)5. 1|) . The technique of promot- 
ing an Fl-parameter to a superfield was used in Ref. 44) to construct the complex 
^" TV = 2 SUSY with this action can be understood by considering the transformation of the 
[/(I) J group which is the subgroup of SU(2)r under which 6 -> e'^O, <P -> e'°<?, <F ~* e"'°*', V ~* 
V, E ^ C C and B ^ B. 
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canonical line bundle over Gn,m in an AA = 1 (four SUSY) theory, where an addi- 
tional superfield a relative to Gn,m appeared and was identified with the fiber of a 
complex line. Returning to = 2, we obtain the total manifold as the cotangent 
bundle over the complex line bundle on Gm,m, where p {ip) serves as the cotangent 
fiber over a {ip). We have thus found that the space possesses two equivalent bundle 
structures. We may need to transform a and p to some fields a' and p' in order to 
avoid coordinate singularities, as in the four SUSY case."^^^ 

Other gauge groups: SO and Sp 

The equations of motion for V and X! takes the same form as Eqs. (j5.3|) and (|5.4|) 
for any gauge group. However, the right-hand side of Ea. H5.5|) must be a symmetric 
tensor for the SO{M) gauge group, and the right-hand side of Ea. (|5.6j) must be a 
pseudo-symmetric tensor for the Sp{M) gauge group. 

5.2. Vacua of SU gauge theories 

We now seek the vacua of the HK sigma model with the SU gauge group. The 
superpotential (|5.13|) of this model can be rewritten as 



where Wjj (times b) denotes the superpotential (|2.16j) or (|.S.15|) of the U{M) gauge 
group with 6 7^ 0. The derivatives of the superpotential with respect to the fields are 
given by d^W = apd^Wu, d^W = apd^Wu, dpW = aWu and d^W = pWu- The 
vacuum condition is given hy a = p = 0, because dWu = holds only at (p = ifF = 0, 
as found in the previous section, but we have Wu ^ there. Therefore, this model 
has no discrete vacua, and so there cannot be any wall solution. 

Vacua of the massive HK sigma model with the SU{M) gauge group may have 
a similarity with that with the U{M) gauge group, the massive T*Gn,m model, in 
a particular limit. In the latter model, there exist the Fl-parameters b and c, which 
represent the radius of the base Gm,m, and the discrete vacua are attached to this 
manifold. In the limit of vanishing b and c, a singularity appears. All of the discrete 
vacua go to that point, and as a result there are no sets of discrete vacua. Because 
the massive HK sigma model with the SU (M) gauge group cannot contain the FI 
parameters from the beginning, we believe that this model has no discrete vacua. It 




(5.18) 
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is thus seen that the Fl-parameters seem to play an essential role in determining the 
existence of discrete vacua. 



In this section we formulate our models with U{M) and SU{M) gauge symme- 
tries using the HSF. Massless nonlinear sigma models with toric and non-toric HK 
manifolds using the HSF were originally considered in Refs. 46) and 47) using the 
quotient construction. Massive nonlinear sigma models with toric HK manifolds, 
like the Taub-NUT^^) metric and the Eguchi-Hanson metric, have also been stud- 
ied. ^^^'^^^ We construct massive HK sigma models with our non-toric HK manifolds 
using HSF. One advantage of constructing massive nonlinear sigma models using the 
HSF is that J\f = 2 SUSY is manifest in this case. It is easy to extend these models 
to cases with other flavor and gauge symmetries. 

We first present the actions of the U{M) and SU{M) models in terms of the 
harmonic superfields. Next, we derive their component actions in the Wess-Zumino 
gauge. We find that the scalar potential is represented by auxiliary fields in the 
hypcrmultiplet analytic supcrfield and we obtain a vacuum condition that is identical 
to that in the J\f = 1 formulation. Finally, we obtain the same result regarding the 
vacua as in the N = I formulation. We follow the notation of Ref. 11). 

6.1. Massive HK sigma model with U{M) and SU{M) gauge groups 

First of all, we consider the model with U{M) gauge symmetry. The HSF action 
for the sigma models with U{M) and SU (M) gauge symmetries can be described 
by two kinds of analytic superfields, which are hypermultiplet and vector multiplet 
analytic superfields. A hypermultiplet is defined by the analytic superfield q^"-" {a = 
I,-- - ,N, a = 1,...,M) in the fundamental representation of the SU{N) flavor 
symmetry^*" and the U{M) gauge symmetry, which is a function in the harmonic 
analytic M = 2 superspace 



§6. Formulation in the harmonic superspace 



(6.1) 



To avoid confusion with the SU{2)ii indices i = 1, 2 of the harmonic variable, we denote the 
SU(N) flavor indices by o = 1, • • • , TV in the following. 
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where the coordinates n+*, -u"*, = 1 (z = 1,2) are the SU{2)R/U{l)r har- 

monic variables. Here U{l)r is a diagonal subgroup of SU{2)fi. The U{M) gauge 
transformation for the hypermultiplet is given by 

where A = X^Ta [Ta being the generator of the U{M) gauge symmetry] is the real 
analytic superfield with U{l)r charge 0, which represents the gauge transformation 
parameter. The vector multiplet V^~^ = V^^~^Ta is defined as the real analytic 
superfield, that is, y++ = V~^^ , where the tilde denotes conjugation which is the 
combination of complex conjugation and the star conjugation.^^)' ^"^^ The action of 
the tilde conjugation on (a is defined as 

^^ = x>X, 9+ = 9+, = -e+, u^ = u^\ '^i = uf. (6.3) 

The vector multiplet superfield transforms under the U{M) gauge transformation as 

y++ ^ e-'^V++e'^ - ie-'^D++e'^ , (6.4) 

where D^^ is the covariant derivative defined by 

= a++ - 2i0+a^0-+5^, a++ = n+^, d^ = ^. (6.5) 

The infinitesimal forms of (|6.2() and ()6.4I) are 

§q+ = -i\q+ , (6.6) 
= D++A-i[A,y++]. (6.7) 

The action of the massive T*Gn,m model is invariant under these transformations, 
and it is given by 

S=- j (ici"'^rfn|g?,,(Z)++ + iV^+Tpq-^-^ + e++tr(y++) 

N-l ^ 

- E l^aciO^'rhA - e^^mA){HA)\q^'^ , (6.8) 



A=l 



where du = d'^XA<f'9~^(lP9~^du is the measure of the integration over analytic 

superspace given ()6.1|) . = ^^^■'^u^u^ is the coefficient of the FI term [which is 
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the SU{2)ji triplet], niA represents complex mass parameters, and represents the 
diagonal generators of the Cartan subalgebra of SU{N) defined in l\'2.'6\i . Here, the 
tilde conjugation acts not on the gauge and flavor indices but on the U{l)r charge. 
The quantity V~^^ serves as the Lagrange multiplier. Integrating the vector multi- 
plet, it gives a constraint for the hypermultiplet. At the component level, it gives a 
constraint on the scalars and fermions, and it makes the target manifold nontrivial, 
as we see in the next subsection. We have absorbed a common hypermultiplet mass 
through a shift of the analytic superfield V~^^ . In the limit niA 0, the action H6.8|l 
becomes that of the massless T*Gn,m model, whose isometry is SU{N). The mass 
term explicitly breaks SU{N) down to This feature is identical to that in 

the case of the M = 1 formalism. 

Next we consider the model with SU{M) gauge symmetry. This quotient action 
can be easily obtained by restricting the gauge symmetry U{M) to SU (M) in the 
action (|6.8() . In this case, the FI term does not exist, since the theory no longer 
possesses U{1) gauge symmetry. The action is given by 

S = -J dC^-'Uu{^,^{D++ + 

N-l 

- E ^'-aaie^'ruA - ~e+^mA){HA)\q^'^] . (6.9) 
A=l 

Note again that the theory has an additional U{1) global symmetry, like the AA = 1 
formulation. The total global symmetry in the = case is U{N). The global 
symmetry U{N) is broken down to [/(l)^ when there exists a non-vanishing mass 
term. 

We can obtain the nonlinear sigma model action in terms of the independent 
harmonic superfields by fixing the gauge symmetry and solving the constraint, as in 
the M = 1 formulation. The resulting action can be described by the independent 
analytic superfields of hypermultiplets. However, it is often difficult to decompose 
the action consisting independent superfields into a component action, because the 
kinematical part of the equations of motion, which is necessary to obtain the com- 
ponent action, is difficult to solve. Instead, we can easily solve the kinematical part 
of the equations of motion when we employ the Wess-Zumino gauge and can obtain 
the explicit form of the component action. This gauge is particularly convenient to 
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understand the vacua of theories in the HSF. 
6.2. Scalar potential in the Wess-Zumino gauge 

We now focus on the U{M) case. In the fohowing, we write the mass matrix as 
S^ZlmAHA = fn and U^~^fhAHA = m . In this case, the action can be rewritten 
as 

S = J dC[~'^du!^q^^{D++ + iV+^r^-^-f" - e++tr , (6.10) 

where we have used = —q^ and the definition of the covariant derivative including 
the mass term 

= 5++ - lie+af'e+d^ - {e+^m - e+^m) . (6.11) 
The equations of motion are 

= (Z)++ + ^V^++)V"^ (6-12) 
= qtATAT^^'^^ - e^TA) , (6.13) 

where (|6.12|) includes kinematical and dynamical parts of the equations of motion, 
and H6.13() is a constraint. In the HK sigma model, we are only interested in the 
bosonic components. To obtain the bosonic Lagrangian, we have to solve the kine- 
matical part of the equations of motion to eliminate the infinite set of auxiliary fields. 
To solve the kinematical part, we substitute the Grassmann expansion of the ana- 
lytic superfields into the above equations. In the Wess-Zumino gauge, the bosonic 
components in the Grassmann expansion of the analytic superfields 5+^^" and 
are given by 

^+aa ^ p+aa ^ ^+2^j-aa ^ Q+2^~aa ^ iO^ a^' 6+ A-""' + 0+2^+2^(-3)''",(6.14) 

y++ ^ Q+2j^^ ^ e+'^M^ + ie^ a^'e+ {-2v^,) + e^^e^^D^—\ (6.15) 

where each component in V~^^ is a Lie algebra-valued field, for example My = 

. Note that the components in V^^ do not depend 
on the harmonic variables, whereas the components in include the harmonic 
variables. Substituting them into ()6.12|) . we obtain the following kinematical part of 
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the equations of motion 

= , (6.16) 

= a++M"<^° - fh\F+'"' + iM^''(^F+''^ , (6.17) 

= d++N-'"' + m\F+^'^ + iMy'^pF^^I^ , (6.18) 

= d+^A-""" - 25;^F+"" - 2iF^°^F+''^ . (6.19) 

The equations H6.16() ~ (|6.19() can be easily solved, and we find 

F+^^{xA,u) = r^{xA)ut , (6.20) 

M-'^^ixA^u) = m,f''''{xA)u- - i{M,)%rP{xA)u- , (6.21) 

N-^"{xA,u) = -m%f'"{xA)u- - i{M,rprP{xA)uT , (6.22) 

V"(^A,^x) = 2a^r"(xA)n- + 2i{V^rf,rf{xA)ur . (6.23) 

Note that the Lagrange multipliers and remain, although an infinite set of 
auxiliary fields have been eliminated. 

At this stage, we can write down the component action. Substituting the Grass- 
mann expansions (|filll) and (|6T5|l into the action (|6l0l) . using the equations of 
motion H6.16() - ()6.19() . and integrating the Grassmann variable, the action H6.10() can 
be put into the following form: 



ba 



S = l d^XAdnf^ - F^^d>XA-^^ - iF+iVn'-pA-'^^ - F+fh\N- 
+iF+^{MXpN-'^'' + Ft^m\M"^^ + iFtAM.TpM-'^'' 
+D^^-\iFt^{TA)%F+-P - e++tr(rA))| . (6.24) 

Then, using the conjugates of the equations of motion (|6.17|) - (|6.19p . 

Mta = M\^ut = F+m\ + iF+^{M, f^ , (6.25) 

N^a = N\^ut = -F+fh\ + iF+p{M,f^ , (6.26) 

= 4a-< = 2(5^^at. - iF^piVM > (6-27) 
where F^ = Puf , we can rewrite the action in the simple form 
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+D^^-\zF+{TArf,F+'^^ - e(++)tr(r^))| . (6.28) 

The harmonic variables can be integrated easily by using the following formulas: 

1 



duuju- = -eij, (6.29) 

J duufu'^u'^u^ = ^{euejk + €ik€ji) . (6.30) 
The action after integration over u is 

= y d'^XA (/^kin + ^constr + >Cpot) , (6.31) 

£kin = -^^rAf„„, (6.32) 

/:constr = {^fla{TAnf^''^ " ^^'MTa)) , (6.33) 

£pot = {M^'^^Miaa + N^'^'^Niaa) = -V . (6.34) 

After substituting H6.2U() - ()6.23() into H6.32() - (|6.34() and integrating over the auxiliary 
field D^^.jy we obtain the bosonic component Lagrangian, 

+id'Xhaa{V,rpr^ + haaiV^^TpiV.f.n) , (6.35) 



1. - ".nr^" + ^. 



-i/iaa(M,)-^m'^,/^''^ + ifiaam\iM,rf,rl' , (6.36) 



with the constraint 



ilLiTAr^P^^" - C^'MTa) = , (6.37) 

which makes the target space nontrivial. This constraint can also be obtained as the 
lowest-order component of 1)6. 13() . Let us next eliminate the Lagrange multipliers 
and My. In order to do so, we define 

rV~ial3 = G^'iTATp, ir'' 5^ fiap ^ (Ta)";3 , (6.38) 

Gab = \ti ({Ta, Tb}Tc) , (6.39) 
fiapfn\r''''^L\TArp. (6.40) 
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Using these quantities, we can rewrite the Lagrangian as 

^kin = -2{d^r^d^J,aa + V^H>^ + V^V^'^^Gab) , (6.41) 

V = liaaH^V'''" + M^M^Gab + iM^La - iM^La . (6.42) 

The equations of motion for and M„ are given by 

riC 

-H'X - 2V^''Gab = , (6.43) 



M^Gab +iLA = 0. (6.44) 



Solving these and substituting into (|6.4H) and (|6.42j) . we finaUy obtain 

/:kin = -2 [d^r^'d'^fiaa " ^/^^ (G"! ) AB^^^^) , (6.45) 

V = ^aa\mWr'^ - L^{G-')abL'' . (6.46) 

The bosonic Lagrangian of the SU{M) model has the same form as that in the 
U (M) model if we regard the parameters b and c as arbitrary complex and real 
parameters, respectively. 

6.3. Vacua in the massive T*Gis[,M model 

We now study vacua based on the potential (|6.34|) and the constraint. The 
SUSY vacuum conditions are that the auxiliary fields vanish: 

These conditions imply vanishing values for the potential (|6.34|) which is clearly 
positive definite. We should, of course, simultaneously impose the constraint (|6.37|) . 
It is convenient to rewrite these conditions as 



r"=\ . \ , faa = e''P'"' = e''fjaa= \ . , (6.48) 



-aa 



-IX" 

^(ii) = -ir, ^(12)= ^(21)^!^^ e(22)=i6, (6.49) 

iM^ = a. (6.50) 

In terms of these variables, Eq. ()6.47() becomes 

= fh\(j)''' + a%r^ , (6.51) 
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= mV + ^"/3r^ (6.52) 

= m^cp'"^ + a^'f^cP"^ , (6.53) 

= m%x''' + a^pr''- (6.54) 
Also, the constraints in Eq. H6.37() become 

= Xaar'^ = ^aaX"^ , (6.55) 
= Xaar" - 4>aa^"^ " C<5/ . (6.56) 

Let us solve Eqs (|6.5ip - ()6.56() . Using U{M) rotation, a can be diagonalized as 

C7 = diag.(c7i,(T, • • • ,crAf) , (6.57) 

M 

Equations (|6.5H) ~ (|6.54)) can be rewritten in terms of the diagonal masses rh = 
diag.(mi, . . . ,mj^) and a as 

= {fhalM + ^alNW , (6.58) 

= (fhalM + ^aljv)r" , (6.59) 

= (malM + (TalNW , (6.60) 

= {nialM + (Taljv)r" • (6.61) 

Because M*"" and N^'^" are not complex conjugates of each other, Eqs. ()6.58|) and 
H6.59() are not complex conjugates of Eqs. ()6.6U|) and ()6.61|1 . However, these four 
conditions are consistent. 

Because the SUSY conditions ()6.55|) ~ H6.59() . together with the constraints (|6.6U|) 
and (|6.6H) . are the same form as (|4.20j) - (|4.23|) . we can repeat the analysis given for 
the M = 1 formulation in H4.3l to obtain the solutions. We thus find that there are 
nCm solutions of SUSY vacua. 

§7. Summary and discussion 



We have constructed the massive T*Gn,m model and its generalization, which 
are the Higgs branch of = 2 SUSY gauge theories with U{M) and SU{M) gauge 
groups, respectively. The vacuum structure for the massive T*Gn,m model has been 
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clarified, and it was found to be far richer tlian the massive 

discrete A^!/[M!(A^ — M)!] vacua, which are the origins of the standard coordinate 
patches for Gn,m and are represented by mutuahy orthogonal M-dimensional com- 
plex planes in in a coordinate-independent way. On the other hand, the massive 
HK sigma model with the SU (M) quotient has no discrete vacua. 

Since we have discrete vacua for the massive T*Gn,m model, we believe that this 
model has domain wall configurations that are richer than the massive 'j'*CP^~^ 
model. First, even for a single wall, we can expect several types of solutions. For 
example, the cotangent bundle over the Klein quadric, T*G4^2, has the six vacua 
given in Eq. 1)3. 14() . This model is expected to admit two kinds of walls. One is a 
wall connecting two vacua without any common axis, e.g., the first and the sixth 
vacua. The other is a wall connecting two vacua with a common axis, e.g., the first 
and the second vacua. For general massive T*Giv,M models, we conjecture a greater 
variety of wall solutions. Second, if we have a parallel wall configuration, as in the 
massive x*CP^~^ model, such a configuration has several zero modes corresponding 
to positions of the walls. The number of zero modes was calculated to be N for 
the massive using the index theorem. It is interesting 

to apply the approach used there to the massive T*Giv,M model. 

The second homotopy group for T*Gn,m is nontrivial: t^2{T*Gn,m) — '^2{Gn,m) — 
2 49) Therefore, this model is believed to admit multi-string (vortex or lump) so- 
lutions, a configuration of a string ending on a wall, as was found in Ref. 31) for 
T*CP^, and other interesting phenomena. 

Reducing the j'*Qp^-^ model to three-dimensional space-time, an interesting 
mirror symmetry has been found. ^''^ Determining the non-Abelian generalization 
of this mirror symmetry using our massive T*Gn,m model would be an interesting 
task. 

Coupling the model to supergravity is possible, and in that case, the target 
manifold is the quaternionic generalization of T*Gn,m- Moreover, our model can 
be promoted to five-dimensional supergravity in the manner considered in Refs. 12) 
and 13). This is interesting for the brane world scenario. 
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